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Abstract
The class of order uniformly noncreasy Banach lattices is introduced and studied. A fixed point theorem for those lattices is
proved.
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1. Introduction
One of the main problems of metric fixed point theory concerns existence of fixed points of nonexpansive map-
pings. In [12], Maurey applied an ultrapower technique to this problem. His approach turned out to be very fruitful.
In particular it enabled many authors to prove fixed point theorems for nonexpansive mappings in Banach spaces
satisfying various geometric properties (see [7] and [8]). One of them was introduced in [13] as a combination of
the classical geometric properties: uniform convexity and uniform smoothness. Banach spaces with this property are
called uniformly noncreasy. In this paper we introduce a new property which is related to order. Banach lattices
with this property will be called order uniformly noncreasy. Our definition was inspired by Kurc [9] who considered
uniform monotonicity and order uniform smoothness of Banach lattices and showed a duality theorem for these prop-
erties. The new property can be seen as a combination of uniform monotonicity and order uniform smoothness and it
is essentially weaker than both of them.
Neither uniform monotonicity nor order uniform smoothness implies reflexivity. However, using p-upper and q-
lower estimates, we show that if a Banach lattice X has both of these properties, then X is superreflexive. We also
prove that uniformly monotone weakly orthogonal Banach lattices have weak normal structure. This generalizes a
result given in [7, p. 233]. Two different properties of Banach lattices are called weak orthogonality in the literature
(see [14] and [7, p. 226]). In this paper we consider the weaker of them.
The modulus of order uniform smoothness is strictly related to the Riesz angle which was used by Borwein and
Sims [3] to prove a fixed point theorem for nonexpansive mappings. We extend this result to a larger class of Banach
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order uniformly noncreasy Banach lattice with respect to the Banach–Mazur distance has the fixed point property for
nonexpansive mappings on weakly compact convex sets.
2. Geometric properties of Banach lattices
Let X be a Banach space. By B(X) we denote the closed unit ball of X. For notation and terminology concerning
lattices we refer the reader to [11]. Let us recall that if an inequality involves lattice and algebraic operations, then it
is enough to check its validity for real numbers to be sure that it holds for vectors in an arbitrary Banach lattice (see
[11, p. 1]). In the next lemma we collect some inequalities and equality which will be used in the sequel.
Lemma 2.1. Let X be a Banach lattice. Then
(i) |x| + |y| = 2(|x| ∧ |y|)+ ||x| − |y|| 2(|x| ∧ |y|)+ |x − y|,
(ii) |x| − |x| ∧ |y| |x − y|,
(iii) |z| |x − z| ∨ |y − z| + |x| ∧ |y|
for all x, y, z ∈ X.
Given a Banach lattice X and ε ∈ [0,1], we put
δm,X(ε) = inf
{
1 − ‖x − y‖: 0 y  x, ‖x‖ 1, ‖y‖ ε}.
We say that X is uniformly monotone if δm,X(ε) > 0 for all ε ∈ (0,1]. The coefficient
ε0,m(X) = sup
{
ε ∈ [0,1): δm,X(ε) = 0
}
is called the characteristic of monotonicity of the lattice X. Since δm,X(0) = 0 and δm,X is a nondecreasing function,
the condition ε0,m(X) < 1 is equivalent to limε→1 δm,X(ε) > 0. The next lemma was established by Kurc in [9].
Lemma 2.2. For ε ∈ [0,1) the following formula holds
δm,X(ε) = σX(ε)1 + σX(ε)
where
σX(ε) = inf
{‖x + y‖ − 1: x, y  0, ‖x‖ 1, ‖y‖ ε}.
This shows that X is uniformly monotone if and only if σX(ε) > 0 for all ε ∈ (0,1).
In [9], the modulus of order smoothness of a Banach lattice X was introduced. We set
ρm,X(t) = sup
{‖x ∨ ty‖ − 1: x, y ∈ B(X), x, y  0}
where t ∈ [0,1]. A Banach lattice X is called order uniformly smooth if
lim
t→0
ρm,X(t)
t
= 0.
Observe that
ρm,X(1) + 1 = sup
{‖x ∨ y‖: x, y ∈ B(X), x, y  0}
is called the Riesz angle of X and denoted by α(X) (see [3]).
Kurc [9] proved the duality formulae
ρm,X∗(t) = sup
0ε1
(
εt − δm,X(ε)
)
,
δm,X(ε) = sup
(
εt − ρm,X∗(t)
)
0t1
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if and only if the dual lattice X∗ is order uniformly smooth (respectively uniformly monotone). Using the above
formulae it is also easy to see that ρm,X∗(1) < 1 if and only if ε0,m(X) < 1.
Let us now recall the following definition (see [11, p. 82]).
Definition 1. Let 1 <p < +∞.
(i) A Banach lattice X is said to satisfy an upper p-estimate if there exists a constant M > 0 such that∥∥∥∥∥
n∑
i=1
xi
∥∥∥∥∥M
(
n∑
i=1
‖xi‖p
) 1
p
for every pairwise disjoint elements (xi)ni=1 in X.
(ii) A Banach lattice X is said to satisfy a lower p-estimate if there exists a constant M > 0 such that∥∥∥∥∥
n∑
i=1
xi
∥∥∥∥∥M
(
n∑
i=1
‖xi‖p
) 1
p
for every pairwise disjoint elements (xi)ni=1 in X.
Theorem 2.3. Let X be a Banach lattice.
(i) If ρm,X(1) < 1, then X satisfies an upper p-estimate for some p ∈ (1,+∞).
(ii) If ε0,m(X) < 1, then X satisfies a lower q-estimate for some q ∈ (1,+∞).
Proof. (i) Assume that X does not satisfy an upper p-estimate for any p ∈ (1,+∞). By [11, Theorem 1.f.12], for
every ε > 0 there exist disjoint elements x1, x2 ∈ X such that
(1 − ε)(|a1| + |a2|) ‖a1x1 + a2x2‖ |a1| + |a2|
for all scalars a1, a2. Thus |x1| ∧ |x2| = 0 and x1, x2 ∈ B(X), so
2(1 − ε) ‖x1 + x2‖
∥∥|x1| + |x2|∥∥= ∥∥|x1| ∨ |x2|∥∥ 2.
Hence ρm,X(1) = 1 which proves part (i).
(ii) Assume that X does not satisfy a lower q-estimate for any q ∈ (1,+∞). Then by [11, Theorem 1.f.12], for
every ε > 0 there exist disjoint elements x1, x2 ∈ X such that
max
{|a1|, |a2|} ‖a1x1 + a2x2‖ (1 + ε)max{|a1|, |a2|} (1)
for all scalars a1, a2. We have |x1| ∧ |x2| = 0, so using Lemma 2.1(i), we get |x1 − x2| = |x1|+ |x2| and consequently,∥∥|x1 − x2| − |x1|∥∥= ‖x2‖ 1. (2)
Let x = 11+ε |x1 − x2| and y = 11+ε |x1|. Then 0  y  x and from (1) we obtain ‖x‖  1, ‖y‖  11+ε . This and (2)
show that
1
1 + ε  ‖x − y‖ 1 − δm,X
(
1
1 + ε
)
.
Therefore,
1 1 − lim
ε→0 δm,X
(
1
1 + ε
)
which shows that limε→1 δm,X(ε) = 0 and consequently ε0,m(X) = 1. 
The lattice l1 is uniformly monotone and the lattice c is order uniformly smooth, so neither of these properties
implies reflexivity. However, from Theorem 2.3 and [11, Theorem 1.f.10] we obtain the following result.
1274 A. Betiuk-Pilarska, S. Prus / J. Math. Anal. Appl. 342 (2008) 1271–1279Corollary 2.4. Let X be a Banach lattice. If ρm,X(1) < 1 and ε0,m(X) < 1, then X is superreflexive.
In particular, if a Banach lattice X is order uniformly smooth and uniformly monotone, then X is superreflexive.
We now introduce our main definition.
Definition 2. Let r ∈ (0,1]. A Banach lattice X is said to be r-order uniformly noncreasy (r-OUNC) if for every
u,v ∈ 12B(X) we have either∥∥|u| ∨ |v|∥∥ r
or for every y ∈ X the conditions |y| |u− v|, ‖y‖ r imply that ‖|u− v| − |y|‖ r .
A Banach lattice X is order uniformly noncreasy (OUNC) if it is r-OUNC for some r ∈ (0,1).
Clearly, each Banach lattice X is r-OUNC with r = 12 (ρm,X(1) + 1) = 12α(X). Therefore, if ρm,X(1) < 1, then X
is OUNC. It is also easy to see that X is r-OUNC where
r = max{ε,1 − δm,X(ε)}
for any ε ∈ (0,1). It follows that if ε0,m(X) < 1, then X is OUNC. The class of all OUNC Banach lattices contains
therefore all order uniformly smooth lattices and all uniformly monotone lattices. Later on we will give an example
of a Banach lattice which is OUNC, but neither uniformly monotone nor order uniformly smooth.
3. Applications to fixed point theory
A self-mapping T of a subset C of a Banach space X is said to be nonexpansive if
‖T x − Ty‖ ‖x − y‖
for all x, y in C. We say that X has the weak fixed point property if every nonexpansive mapping defined on a
nonempty weakly compact convex subset of X has a fixed point. This is in particular the case if X has weak normal
structure (see for example [7, Theorem 8.5]). Recall that a Banach spaces X is said to have weak normal structure if
for each weakly compact convex subset D of X with diamD > 0 there exists a point x ∈ D such that
sup
{‖x − y‖: y ∈ D}< diamD.
It is known that L1([0,1]) is uniformly monotone while Alspach’s example [2] shows that L1([0,1]) does not have
the weak fixed point property. Thus uniform monotonicity is not sufficient for the weak fixed point property.
Definition 3. A Banach lattice X is said to be weakly orthogonal if
lim inf
n→∞ lim infm→∞
∥∥|xn| ∧ |xm|∥∥= 0
whenever (xn) is a sequence in X which converges weakly to 0.
It is not hard to show that c0, c, lp (1 p < ∞) are weakly orthogonal while l∞ and Lp do not have this property.
This definition was given by Borwein and Sims in [3], but the reader should be aware that also a different property is
called weak orthogonality in the literature. We will show that uniform monotonicity and weak orthogonality guarantee
weak normal structure.
Theorem 3.1. Suppose that X is a weakly orthogonal Banach lattice with ε0,m(X) < 1. Then X has weak normal
structure.
Proof. Assume that X does not have weak normal structure. By [10, Proposition 2], there exists a sequence (xn) in X
such that (xn) converges weakly to 0 and
lim ‖xn‖ = lim ‖xn − xm‖ > 0
n→∞ n→∞
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lim inf
n→∞ lim infm→∞
∥∥|xn| ∧ |xm|∥∥= 0,
so we can find subsequences (xnk ) and (xmk ) of (xn) such that
lim
k→∞
∥∥|xnk | ∧ |xmk |∥∥= 0.
We put uk = |xnk |‖xnk ‖ and vk =
|xmk |‖xnk ‖ . Then uk, vk  0 and ‖uk‖ = 1 for every k ∈ N. For any η > 0 there exists k1 ∈ N
such that if k  k1, then ‖vk‖ = ‖xmk ‖‖xnk ‖  1 − η. Using the equality in Lemma 2.1(i), we get
1 + σX(1 − η) ‖uk + vk‖ =
∥∥∥∥ |xnk | + |xmk |‖xnk‖
∥∥∥∥ 1‖xnk‖
(
2
∥∥|xnk | ∧ |xmk |∥∥+ ∥∥|xnk | − |xmk |∥∥)
 1‖xnk‖
(
2
∥∥|xnk | ∧ |xmk |∥∥+ ‖xnk − xmk‖)
for k  k1, so
1 + σX(1 − η) lim
k→∞
1
‖xnk‖
(
2
∥∥|xnk | ∧ |xmk |∥∥+ ‖xnk − xmk‖)= 1.
Since the function σX is nonnegative,
lim
η→0σX(1 − η) = 0.
In view of Lemma 2.2 this shows that limε→1 δm,X(ε) = 0 and consequently ε0,m(X) = 1. 
In particular weakly orthogonal uniformly monotone Banach lattices have weak normal structure.
Corollary 3.2. Let X be a weakly orthogonal Banach lattice. If X is uniformly monotone, then X has the weak fixed
point property.
We will also consider lattices which do not have weak normal structure. In this case we will use the ultrapower
method. Given a Banach space X, by l∞(X) we denote the space of all bounded sequences in X with the supremum
norm. Let U be a free ultrafilter on N. The ultrapower (X)U is the quotient space l∞(X)/N where
N =
{
(xn) ∈ l∞(X): lim
U
‖xn‖ = 0
}
.
Here limU ‖xn‖ stands for the limit over the ultrafilter U (see [1, p. 13]). The equivalence class of the sequence
(xn) ∈ l∞(X) will be denoted by (xn)U . It is easy to see that the quotient norm is given by the formula (see [1, p. 23])∥∥(xn)U∥∥= lim
U
‖xn‖.
In the sequel we will need the following result.
Theorem 3.3. Let X be a Banach lattice, U be a free ultrafilter on N and r ∈ (0,1). If X is r-OUNC, then (X)U is
r ′-OUNC for every r ′ ∈ (r,1).
Proof. Assume that (X)U is not r ′-OUNC where r ′ ∈ (r,1). Then there exist u,v ∈ 12B((X)U ) and y ∈ (X)U such
that ∥∥|u| ∨ |v|∥∥> r ′, |y| |u− v|, ‖y‖ r ′ and ∥∥|y| − |u− v|∥∥> r ′.
Since |y| |u−v|, we can find elements (yn), (un), (vn) of y, u, v respectively such that |yi | |ui −vi | for all i ∈ N.
We have
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U
‖ui‖ 12 ,
B = ‖v‖ = lim
U
‖vi‖ 12 ,
C = ‖y‖ = lim
U
‖yi‖ r ′,
D = ∥∥|u| ∨ |v|∥∥= lim
U
∥∥|ui | ∨ |vi |∥∥> r ′,
E = ∥∥|y| − |u− v|∥∥= lim
U
∥∥|yi | − |ui − vi |∥∥> r ′.
Let ε ∈ (0,1) be such that r ′/r > (1 + ε)/(1 − ε). From the definition of the limit over the ultrafilter we see that
I1 =
{
i ∈ N: ∣∣‖ui‖ −A∣∣<Aε} ∈ U,
I2 =
{
i ∈ N: ∣∣‖vi‖ − B∣∣<Bε} ∈ U,
I3 =
{
i ∈ N: ∣∣‖yi‖ −C∣∣<Cε} ∈ U,
I4 =
{
i ∈ N: ∣∣∥∥|ui | ∨ |vi |∥∥− D∣∣<Dε} ∈ U,
I5 =
{
i ∈ N: ∣∣∥∥|yi | − |ui − vi |∥∥−E∣∣<Eε} ∈ U.
Since U is a free ultrafilter, I = I1 ∩ I2 ∩ I3 ∩ I4 ∩ I5 = ∅. If i ∈ I , then
‖ui‖ <A(1 + ε) 12 (1 + ε),
‖vi‖ < B(1 + ε) 12 (1 + ε),
‖yi‖ >C(1 − ε) > r(1 + ε),∥∥|ui | ∨ |vi |∥∥>D(1 − ε) > r(1 + ε),∥∥|yi | − |ui − vi |∥∥>E(1 − ε) > r(1 + ε).
We put
ui = 11 + εui, vi =
1
1 + ε vi, yi =
1
1 + ε yi .
For each i ∈ I we obtain
‖ui‖ 12 , ‖vi‖
1
2
,
∥∥|ui | ∨ |vi |∥∥> r,
|yi | |ui − vi |, ‖yi‖ > r,
∥∥|yi | − |ui − vi |∥∥> r
which shows that X is not r-OUNC. 
Corollary 3.4. Let X be a Banach lattice and U be a free ultrafilter on N. If X is OUNC, then (X)U is OUNC.
Let C be a nonempty closed convex subset of a Banach space X and T :C → C be a nonexpansive mapping. Then
there is a sequence (xn) in C such that limn→∞ ‖xn −T xn‖ = 0. Such a sequence is called an approximate fixed point
sequence. Assume additionally that C is weakly compact. Using the Zorn lemma, one can show that C contains a
subset K which is minimal in the family of all nonempty closed convex subsets of C invariant for T . Such a set K is
briefly called a minimal invariant set for T .
Lemma 3.5 (Goebel–Karlovitz). If (xn) is an approximate fixed point sequence for T in a minimal invariant set C,
then
lim
n→∞‖x − xn‖ = diamC
for all x in C.
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fixed point sequences for T in C such that the limit limn→∞ ‖xn − yn‖ exists. Then there exists an approximate fixed
point sequence (zn) for T in C with
lim
n→∞‖xn − zn‖ = limn→∞‖yn − zn‖ =
1
2
lim
n→∞‖xn − yn‖.
Lemma 3.5 can be found in [5] and [6], and Lemma 3.6 in [12] (see also [4]).
The Banach–Mazur distance of two isomorphic Banach spaces X and Y is defined by the formula
d(X,Y ) = inf‖S‖∥∥S−1∥∥
where the infimum is taken over all linear isomorphisms S of X onto Y . Borwein and Sims [3] proved that a Banach
space X has the weak fixed point property if there exists a weakly orthogonal Banach lattice Y such that
d(X,Y )α(Y ) < 2.
As a consequence every weakly orthogonal Banach lattice X with α(X) < 2 has the weak fixed point property. Our
next theorem generalizes this result.
Theorem 3.7. A Banach space X has the weak fixed point property if there exists a weakly orthogonal r-OUNC
Banach lattice Y such that
d(X,Y )r < 1.
Proof. Assume that X fails to have the weak fixed point property. Then there exist a nonempty weakly compact
convex set C ⊂ X and a nonexpansive mapping T :C → C which has no fixed point. Moreover, there exist a nonempty
weakly compact convex minimal and T -invariant subset D ⊂ C and an approximate fixed point sequence (xn) for T
in D. We may assume that diamD = 1 and (xn) weakly converges to 0 (in particular 0 ∈ D).
Let now Y be a weakly orthogonal Banach lattice such that d(X,Y )r < 1. We choose r ′ > r so that d(X,Y )r ′ < 1.
There is an isomorphism S from X onto Y with∥∥S−1∥∥‖S‖r ′ < 1.
By weak orthogonality of Y , there exists an increasing sequence (nk) such that
lim inf
m→∞
∥∥|Sxnk | ∧ |Sxm|∥∥< 1k
and by Lemma 3.5 we have
lim
m→∞‖xnk − xm‖ = 1
for all k ∈N. Hence for every k ∈ N there exists ik ∈ N such that
‖xnk − xm‖ > 1 −
1
k
for all m ik and there exists mk  ik such that∥∥|Sxnk | ∧ |Sxmk |∥∥< 1k and ‖xnk − xmk‖ > 1 − 1k .
We can assume that (mk) is an increasing sequence. We have
lim
k→∞
∥∥|Sxnk | ∧ |Sxmk |∥∥= 0 and lim
k→∞‖xnk − xmk‖ = 1.
Using Lemma 3.6, we obtain an approximate fixed point sequence (zk) for which
lim
k→∞‖zk‖ = 1, limk→∞‖zk − xnk‖ =
1
2
, lim
k→∞‖zk − xmk‖ =
1
2
.
Let U be a free ultrafilter on N and
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(
S(zk − xnk )
‖S‖
)
U
,
v =
(
S(zk − xmk )
‖S‖
)
U
,
y =
( |Sxnk | − |Sxnk | ∧ |Sxmk |
‖S‖
)
U
.
Then
‖u‖ = lim
U
‖S(zk − xnk )‖
‖S‖  limk→∞‖zk − xnk‖
1
2
and similarly ‖v‖ 12 .
Since
1 = lim
k→∞‖xmk‖ = limU ‖xmk‖
∥∥S−1∥∥ lim
U
‖Sxmk‖ =
∥∥S−1∥∥‖S‖ lim
U
∥∥∥∥Sxmk‖S‖
∥∥∥∥,
we have
lim
U
∥∥∥∥Sxmk‖S‖
∥∥∥∥ 1‖S−1‖‖S‖ > r ′.
Similarly limU ‖Sxnk‖S‖ ‖ > r ′. Hence
‖y‖ = lim
U
∥∥∥∥ |Sxnk | − |Sxnk | ∧ |Sxmk |‖S‖
∥∥∥∥ limU
(∥∥∥∥Sxnk‖S‖
∥∥∥∥−
∥∥∥∥ |Sxnk | ∧ |Sxmk |‖S‖
∥∥∥∥
)
= lim
U
∥∥∥∥Sxnk‖S‖
∥∥∥∥> r ′.
From Lemma 2.1(ii) it follows that |u− v| |y|. Moreover, using Lemma 2.1(i), we get
∥∥|u− v| − |y|∥∥ lim
U
∥∥∥∥ ||Sxnk | − |Sxmk || − |Sxnk | + |Sxnk | ∧ |Sxmk |‖S‖
∥∥∥∥
= lim
U
∥∥∥∥ |Sxmk | − |Sxnk | ∧ |Sxmk |‖S‖
∥∥∥∥
 lim
U
(∥∥∥∥Sxmk‖S‖
∥∥∥∥−
∥∥∥∥ |Sxnk | ∧ |Sxmk |‖S‖
∥∥∥∥
)
= lim
U
∥∥∥∥Sxmk‖S‖
∥∥∥∥
which shows that∥∥|u− v| − |y|∥∥> r ′.
Next, by Lemma 2.1(iii) we obtain
1 = lim
k→∞‖zk‖ = limU ‖zk‖
∥∥S−1∥∥ lim
U
‖Szk‖

∥∥S−1∥∥ lim
U
(∥∥∣∣S(xnk − zk)∣∣∨ ∣∣S(xmk − zk)∣∣∥∥+ ∥∥|Sxnk | ∧ |Sxmk |∥∥)
= ∥∥S−1∥∥‖S‖ lim
U
∥∥∥∥ |S(xnk − zk)| ∨ |S(xmk − zk)|‖S‖
∥∥∥∥< 1r ′
∥∥|u| ∨ |v|∥∥
and we see that ‖|u| ∨ |v|‖ > r ′. It follows that (Y )U is not r ′-OUNC, so by Theorem 3.3, Y is not r-OUNC. 
Corollary 3.8. A weakly orthogonal OUNC Banach lattice X has the weak fixed point property.
We now give an example which shows that the class of lattices covered by Theorem 3.7 is essentially larger than
the class of lattices with the Riesz angle less than 2. Consider the space X = R2 × c with a norm given by the formula∥∥((x1, x2), y)∥∥=√∥∥(x1, x2)∥∥2 + ‖y‖2c,1
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easy to show that δm,X(ε) = 0 and ρm,X(ε) = ε for every ε ∈ [0,1]. Consequently, X is not uniformly monotone and
α(X) = 2. We will show that X is weakly orthogonal and OUNC.
Let un = (an, bn), where an ∈R2 and bn ∈ c, be such that the sequence (un) converges weakly to 0. Then by weak
orthogonality of the spaces R2 and c we have
lim inf
m→∞ lim infn→∞
∥∥|un| ∧ |um|∥∥2 = lim inf
m→∞ lim infn→∞
(∥∥|an| ∧ |am|∥∥21 + ∥∥|bn| ∧ |bm|∥∥2c)= 0.
Therefore, X is weakly orthogonal.
Now we prove that X is r-OUNC where r = √0.9. To see this let u = ((x1, x2), x), v = ((y1, y2), y), where
x1, x2, y1, y2 ∈ R, x, y ∈ c, be such that u,v ∈ 12B(X). We can assume ‖x‖c ∨ ‖y‖c = ‖x‖c and consider two cases.
I. ‖x‖c > 25 . Then we have∥∥|u| ∨ |v|∥∥2  (|x1| + |y1| + |x2| + |y2|)2 + ‖x‖2c
 2
(|y1| + |y2|)2 + 2((|x1| + |x2|)2 + ‖x‖2c)− ‖x‖2c
 2‖v‖2 + 2‖u‖2 − ‖x‖2c < 1 −
4
25
< r2,
hence ‖|u| ∨ |v|‖ < r .
II. ‖x‖c  25 . Let w = ((z1, z2), z), where z1, z2 ∈R, z ∈ c, be such that |w| |u− v| and ‖w‖ r . Then
r2 
(|z1| + |z2|)2 + ‖z‖2c  (|z1| + |z2|)2 + ‖x − y‖2c

(|z1| + |z2|)2 + 4‖x‖2c  (|z1| + |z2|)2 + 1625 ,
thus |z1| + |z2| > 12 and∥∥|u− v| − |w|∥∥2 = (|x1 − y1| + |x2 − y2| − (|z1| + |z2|))2 + ∥∥|x − y| − |z|∥∥2c
<
(
1 − 1
2
)2
+ 4‖x‖2c < r2.
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